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Quasi-abelian functions and varieties in the sense of Severi,
III.
Generalized Jacobi varieties
Yukitaka Abe
Abstract. We give a new definition of generalized Jacobi varieties
for singular curves. Generalized Jacobi varieties are quasi-abelian va-
rieties in the sense of Severi defined in [1]. Using this new concept, we
give answers to problems left in the previous paper [2]. We also show
that the admissible splitting degeneration in the study of Lebowitz
[5] cannot occur.
1. Introduction
This is a continuation of the previous papers ([1], [2]). We consider gen-
eralized Jacobi varieties, Picard varieties and Albanese varieties for singular
curves from our point of view.
A generalized Jacobi variety was first defined by Rosenlicht ([9]). Later
Oort constructed it by group extension ([8]). Classically, a Jacobi variety
is the group of divisor classes of degree 0 in which a complex structure
is induced (cf. [11]). For a non-singular curve, its Jacobi variety, Picard
variety and Albanese variety are all isomorphic to the group of divisor
classes of degree 0. In addition, they are isomorphic as group varieties.
Therefore, the group of divisor classes of degree 0 has the same complex
structure even if we induce a complex structure to it from any of these
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varieties. Rosenlicht generalized Jacobi varieties algebraically based on the
properties as Albanese varieties.
In the case of a singular curve, the group of divisor classes of degree 0
and the Picard variety are also isomorphic. Moreover, we show that the
Picard variety is the product of an abelian variety and a linear group (The-
orem 1). If we induce a complex structure to the group of divisor classes of
degree 0 by the above isomorphism, we obtain just a quasi-abelian variety
in the sense of Severi (see [1] for the definition). Then we call it the gen-
eralized Jacobi variety (Definition 1 in Section 5). We call the one defined
by Rosenlicht the generalized Albanese variety, and distinguish it from the
generalized Jacobi variety. It is quite natural from our point of view. We
investigate the structure of generalized Albanese varieties complex analyt-
ically in Section 6. Especially we study it in detail for irreducible curves
which have only nodes as singularities, comparing with Namikawa’s results
([7]).
In the last section we give answers to problems left in [2]. We think that
our definition of generalized Jacobi varieties makes the content of [2] clear.
We also show that the admissible splitting degeneration in the study of
Lebowitz [5] cannot occur. Moreover, we correct suitably Theorem 3 in [5].
2. Non-singular case
Let C be a compact Riemann surface (smooth connected projective
curve) of genus g. We take a basis {ω1, . . . , ωg} of the holomorphic dif-
ferentials on C and a homology basis {α1, β1, . . . , αg, βg} of C. We denote
by Λ the period lattice determined by this basis. Let D(C) be the group
of divisors on C. It has subgroups D0(C) and DP (C) consisting of divisors
of degree 0 and principal divisors, respectively. We define
D(C) := D(C)/DP (C) and D0(C) := D0(C)/DP (C).
Fixing a point P0 ∈ C, we define a mapping ϕ : C −→ A := Cg/Λ by
ϕ(P ) :=
(∫ P
P0
ω1, . . . ,
∫ P
P0
ωg
)
mod Λ.
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The mapping ϕ is extended onto D(C), and an isomorphism
ϕ : D0(C) −→ A
is induced. In this situation, A is considered as the Albanese variety of C.
Then we write A = Alb(C).
Let Pic(C) = H1(C,O∗C) be the group of isomorphic classes of holomor-
phic line bundles on C. We denote by Pic0(C) the subgroup consisting of
classes of topologically trivial ones, and call it the Picard variety of C. Since
any holomorphic line bundle on C has a non-trivial meromorphic section,
we have
Pic(C) ∼= D(C),
hence
Pic0(C) ∼= D0(C).
Therefore, for any compact Riemann surface C we obtain isomorphisms
Pic0(C) ∼= D0(C) ∼= Alb(C) = A.
Furthermore, Pic0(C) and Alb(C) are isomorphic as complex Lie groups.
We can construct a direct isomorphism between them. The Jacobi variety
J(C) of C is D0(C) with the complex structure induced from the above
isomorphisms.
3. Singular case
Let C be a reduced and irreducible projective curve, and let S be the
set of singularities of C. We consider the normalization pi : C˜ −→ C of
C. From now on we use these notations through the paper. We have the
natural inclusion O∗C ↪→ pi∗O∗eC by pi. Let S := pi∗O∗eC/O∗C .
We can define D(C), D0(C), DP (C), etc. in a similar way in the non-
singular case. From analysis on compact Riemann surfaces (for example,
the method on Laurent tail divisors in [6]), we have the following isomor-
phism
D0(C) = D0(C)/DP (C) ∼= D0(C \ S)/
(DP (C) ∩ D0(C \ S)) ,
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where D0(C \ S) is the divisors on C \ S of degree 0. It is also true for a
singular curve C that any holomorphic line bundle on C has a non-trivial
meromorphic section. Then we have
Pic0(C) ∼= D0(C).
From a short exact sequence
0 −→ O∗C −→ pi∗O∗eC −→ S −→ 0
we obtain the following exact sequence (∗) by a standard argument:
(∗) 0 −→ H0(C,S) −→ Pic0(C) ρ−→ Pic0(C˜) −→ 0.
Then Pic0(C) is an extension of J(C˜) by H0(C,S).
Theorem 1. The above exact sequence (∗) splits. Therefore we have
Pic0(C) ∼= J(C˜)⊕H0(C,S).
Proof. It suffices to show that there exists a homomorphism τ : Pic0(C˜) −→
Pic0(C) with ρ ◦ τ = id. We can take a finite open covering U = {Ui} of C
consisting of Stein open sets with the following property:
Ui has at most one singular point and Ui∩Uj has no singular point if i 6= j.
Furthermore we may assume that if we set U˜ := {pi−1(Ui)}, then any con-
nected component of pi−1(Ui) is an open disc. Then we have
H1(C,O∗C) ∼= H1(U,O∗C) and H1(C˜,O∗eC) ∼= H1(U˜,O∗eC).
Let 1i be the trivial line bundle on Ui. Take any x = [L˜] ∈ Pic0(C˜).
Then we have
L˜|pi−1(Ui) ∼= pi∗1i.
The line bundle L˜ is given by a 1-cocycle {gij} ∈ Z1(U˜,O∗eC) with respect to
this trivialization L˜|pi−1(Ui) ∼= pi−1(Ui)× C. Since Ui ∩ Uj has no singular
point for i 6= j and pi−1(Ui) ∩ pi−1(Uj) is biholomorphic to Ui ∩ Uj by pi,
we can naturally regard it as {gij} ∈ Z1(U,O∗C). Let L be the holomorphic
line bundle given by {gij} on C. Since the Chern class c(L˜) of L˜ is 0, c(L)
is also 0. Then we can define a homomorphism τ : Pic0(C˜) −→ Pic0(C) by
τ(x) = y, where y = [L] ∈ Pic0(C). Obviously it satisfies ρ ◦ τ = id. ¤
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4. Another proof of Theorem 1
Let Z eC and ZC be constant sheaves Z on C˜ and C respectively. We set
Z := pi∗Z eC/ZC . Using the following short exact sequence
0 −→ ZC −→ pi∗Z eC −→ Z −→ 0,
we obtain by a standard argument
(1)
{
H1(C,ZC) ∼= H1(C˜,Z eC)⊕H0(C,Z),
H2(C,ZC) ∼= H2(C˜,Z eC) ∼= Z.
Letting T := pi∗O eC/OC , we obtain similarly
(2)
{
H1(C,OC) ∼= H1(C˜,O eC)⊕H0(C, T ),
H2(C,OC) ∼= H2(C˜,O eC) = 0.
We finally obtain the following exact sequence
(3)
0 −→ H1(C˜,Z eC)⊕H0(C,Z) −→ H1(C˜,O eC)⊕H0(C, T ) −→ H1(C,O∗C) c−→ Z −→ 0
by (1), (2) and the long cohomology exact sequence given by the following
short exact sequence
0 −→ ZC −→ OC −→ O∗C −→ 0.
Therefore we have
Pic0(C) = {[L] ∈ H1(C,O∗C); c([L]) = 0}
∼=
(
H1(C˜,O eC)/H1(C˜,Z eC)
)
⊕ (H0(C, T )/H0(C,Z))
∼= Pic0(C˜)⊕ (H0(C, T )/H0(C,Z)) .
From the following commutative diagram of exact sequences
0 −→ pi∗Z eC −→ pi∗O eC −→ pi∗O∗eC −→ 0
↑ ↑ ↑
0 −→ ZC −→ OC −→ O∗C −→ 0
we obtain an exact sequence
0 −→ Z −→ T −→ S −→ 0.
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Since
H1(C,Z) = H1(C, T ) = H1(C,S) = 0,
we have
H0(C,S) ∼= H0(C, T )/H0(C,Z).
Thus the proof completes.
5. Generalized Jacobi varieties and H0(C,S)
We have shown in the previous sections that
D0(C) ∼= Pic0(C) ∼= Pic0(C˜)⊕H0(C,S)
∼= J(C˜)⊕H0(C,S)
for any reduced and irreducible projective curve C. The group J(C˜) ⊕
H0(C,S) is a connected commutative complex Lie group.
Definition 1. The generalized Jacobi variety J(C) of a reduced and irre-
ducible projective curve C is D0(C) with the induced complex structure from
J(C˜)⊕H0(C,S), i.e.
J(C) = J(C˜)⊕H0(C,S).
Next we study the structure of H0(C,S) in detail. We assume that a
normalization pi : C˜ −→ C is gotten by a sequence of k blow-ups:
C˜ = Ck
pik−→ Ck−1 pik−1−→ · · · pi2−→ C1 pi1−→ C,
pi = pi1 ◦ pi2 ◦ · · · ◦ pik.
Then, for any p ∈ S we have(
pi∗O∗eC/O∗C
)
p
∼=
[(
(pik)∗O∗Ck
)
/O∗Ck−1
]
(pi1◦···◦pik−1)−1(p)
× · · · × [((pi1)∗O∗C1) /O∗C]p .
There exist non-negative integers mj and nj for any j such that[(
(pik−j)∗O∗Ck−j
)
/O∗Ck−j−1
]
(pi1◦···◦pik−j)−1(p)
∼= Cmj × (C∗)nj .
Therefore we have
H0(C,S) ∼= Cm × (C∗)n
for some m,n. Together with Theorem 1 we obtain the following theorem.
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Theorem 2. Let C be a reduced and irreducible projective curve, and let
C˜ be its normalization. Then we have
J(C) ∼= J(C˜)⊕ (Cm × (C∗)n) ,
where m and n are non-negative integers determined by the number of sin-
gular points of C and their properties.
Example 1. Let C be a singular curve defined by
w2 = (z − µ)2k(z − λ2k+1) · · · (z − λ2g+1).
Its normalization C˜ is a non-singular curve of genus g − k determined by
w2 = (z − µ)(z − λ2k+1) · · · (z − λ2g+1).
The only singular point p = (µ, 0) of C becomes the point q of multiplicity
2 by the k−1 times successive blow-ups of C. We take once more a blow-up
at q. Then q has the inverse image of two smooth points. Therefore we
have (
pi∗O∗eC/O∗C
)
p
∼= Ck−1 × C∗,
hence
J(C) ∼= J(C˜)⊕
(
Ck−1 × C∗
)
.
Example 2. If C is a singular curve given by
w2 = (z − µ)2k+1(z − λ2k+2) · · · (z − λ2g+1),
then its normalization C˜ is defined by
w2 = (z − µ)(z − λ2k+2) · · · (z − λ2g+1).
The only singular point p of C becomes non-singular by the k times suc-
cessive blow-ups of C. Then we have(
pi∗O∗eC/O∗C
)
p
∼= Ck.
Therefore we obtain
J(C) ∼= J(C˜)⊕ Ck.
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6. Generalized Albanese varieties
Let ωC be the dualizing sheaf on C. For any p ∈ S we denote by δp the
sum of
ν(ν − 1)
2
with respect to p and all points of infinitely near p, where
ν is a multiplicity. The following genus formula is well-known
dim H0(C,ωC) = g˜ +
∑
p∈S
δp = g˜ + δ,
where g˜ is the genus of C˜. Let H0(C,ωC)∗ be the dual space of H0(C,ωC).
We set
A := H0(C,ωC)∗/H1(C \ S,Z).
Then A has the unique algebraic structure in which the following exact
sequence is algebraic:
(∗∗) 0 −→ H −→ A −→ Alb(C˜) ∼= J(C˜) −→ 0.
Here we have H ∼= H0(C,S). This group variety A is the generalized
Jacobi variety defined by Rosenlicht ([9]). Such an algebraic group A has
the property as Albanese variety in the algebraic meaning (cf. [10]). Then,
we call it the algebraic Albanese variety of C and write Albal(C) = A.
On the other hand, A is a connected commutative complex Lie group.
Its complex structure is different from the algebraic structure in general (it
is also noted in [10]). By Remmert-Morimoto’s theorem we have
A ∼= Q× Cm × (C∗)n
as complex Lie group, where Q is a quasi-abelian variety in the sense of
Gherardelli-Andreotti ([4]). The above standard form as complex Lie group
is said to be the analytic Albanese variety of C. Then we write
Alban(C) = Q× Cm × (C∗)n.
We investigate the property of Alban(C). Take a basis {ω1, . . . , ωg} of
H0(C,ωC). We regard them as meromorphic differentials on C˜ which may
have poles only at pi−1(S). Let g˜ be the genus of C˜. Adding γ1, . . . , γg′ to
a homology basis {α1, β1, . . . , αeg, βeg} of C˜, we obtain a basis of
H1(C \ S,Z) ∼= H1(C˜ \ pi−1(S),Z).
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We denote by Λ the discrete subgroup of Cg generated by(∫
αi
ω1, . . . ,
∫
αi
ωg
)
, i = 1, . . . , g˜,
(∫
βi
ω1, . . . ,
∫
βi
ωg
)
, i = 1, . . . , g˜,(∫
γj
ω1, . . . ,
∫
γj
ωg
)
, j = 1, . . . , g′.
Then we have A ∼= Cg/Λ.
We consider a special case that C is a reduced and irreducible projective
curve only with nodes as singularities. Let {p1, . . . , pg′′} be the nodes of
C. We set pi−1(pi) = {qi, ri} (i = 1, . . . , g′′). Let {α1, β1, . . . , αg′ , βg′}
be a canonical homology basis of C˜, where g′ is the genus of C˜. Let
αg′+i and βg′+i be small circles with positive direction around qi and ri
respectively. Then, {α1, β1, . . . , αg′ , βg′ , αg′+1, βg′+1, . . . , αg, βg} is a basis
of H1(C˜ \ pi−1(S),Z), where g = g′ + g′′. Take a basis {ω1, . . . , ωg′} of
holomorphic differentials normalized with respect to {α1, β1, . . . , αg′ , βg′},
i.e. ∫
αj
ωi = δij , τ =
(∫
βj
ωi
)
∈ Sg′ ,
where Sg′ is the Siegel upper half space of degree g′. We may assume that
ω1, . . . , ωg′ correspond to elements ofH0(C,ωC). We can take meromorphic
differentials η1, . . . , ηg′′ on C˜ such that the space spaned by {ω1, . . . , ωg′ ,
η1, . . . , ηg′′} is identified with H0(C,ωC). Furthermore, we may assume
that ηi has poles only at qi, ri, which are simple poles with Resqiηi = 1,
and ∫
αj
ηi = 0, j = 1, . . . , g′.
Then we have (∫αj ωi) (∫αg′+j ωi)(∫
αj
ηi
) (∫
αg′+j
ηi
)  = ( Ig′ 0
0 2pi
√−1Ig′′
)
,
(∫
βg′+j
ηi
)
= −2pi√−1Ig′′ ,
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where Ik is the unit matrix of degree k. We set (∫βj ωi)(∫
βj
ηi
)  = ( τ
B
)
, τ ∈ Sg′ .
We consider a simply connected domain D gotten by cutting C˜ open
along α1, β1, . . . , αg′ , βg′ . Let D0 be the subdomain surrounded by ∂D
and αg′+1, βg′+1, . . . , αg, βg. Fixing a point P0 ∈ D0, we define
hj(z) :=
∫ z
P0
ωj
for any z ∈ D and j = 1, . . . , g′. Then hj is a holomorphic function on D
with dhj = ωj and continuously extended to D. We put
H(q, r) :=

h1(r1)− h1(q1) · · · hg′(r1)− hg′(q1)
...
...
h1(rg′′)− h1(qg′′) · · · hg′(rg′′)− hg′(qg′′)
 .
From ∫∫
D0
ωj ∧ ηi = 0
it follows that ∫
βj
ηi + 2pi
√−1 (hj(ri)− hj(qi)) = 0
for i = 1, . . . g′′ and j = 1, . . . , g′. This means that B = −2pi√−1H(q, r).
We also have  (∫αj ωi) (∫αg′+j ωi) (∫βj ωi) (∫βg′+j ωi)(∫
αj
ηi
) (∫
αg′+j
ηi
) (∫
βj
ηi
) (∫
βg′+j
ηi
) 
=
(
Ig′ 0 τ 0
0 2pi
√−1Ig′′ B −2pi
√−1Ig′′
)
.
Therefore we can take a period matrix P of A = H0(C,ωC)∗/H1(C \ S,Z)
as follows after a trivial change of variables
P :=
(
Ig′ 0 τ
0 Ig′′ 1−2pi√−1B
)
=
(
Ig′ 0 τ
0 Ig′′ H(q, r)
)
.
Here (Ig′ τ) is a period matrix of J(C˜). Then we obtain the following
theorem.
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Theorem 3. The complex commutative Lie group A is a (C∗)g′′-bundle on
J(C˜). Its bundle structure is determined by H(q, r).
The above theorem corresponds to Theorem 6 in [7]. However, Namikawa
considered H0(C,ωC)∗/H1(C,Z) which is not completely equal to A. Then
βg′+i is a path from qi to ri in [7].
Also the property of H(q, r) determines
Alban(C) = Q× Cm × (C∗)n.
If P satisfies the condition for toroidal groups (cf. [3]), then Alban(C) is a
quasi-abelian variety in the sense of Gherardelli-Andreotti ([4]).
7. Supplement
This section is devoted to supplement with the previous paper [2]. We
can understand the details of [2] more clearly because of the new concept
of generalized Jacobi varieties discussed in this paper. We give answers to
problems left in [2] and add some comments to results in [5].
We considered in [2] a compact Riemann surface R determined by
w2 = (z − λ1)(z − λ2)(z − λ3)(z − λ4)(z − λ5),
where λ1, λ2, λ3, λ4 and λ5 are distinct complex numbers with
Reλ1 5 Reλ2 5 Reλ3 5 Reλ4 5 Reλ5.
We take a homology basis {Γ,∆} = {γ1, γ2, δ1, δ2} of R shown in Fig.2
in [2]. Let du1, du2 be the normal basis of holomorphic differentials with
respect to {Γ,∆}. If we set
τij :=
∫
δj
dui,
then τ = (τij) ∈ S2. We define a mapping u : R −→ C2, u(P ) =
(u1(P ), u2(P )) by
ui(P ) :=
∫ P
λ1
dui
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with the base point λ1. We have another basis
dv1 =
dz
2w
, dv2 =
zdz
2w
of holomorphic differentials. We define v(P ) = (v1(P ), v2(P )) by
vi(P ) :=
∫ P
λ1
dvi.
The period matrix with respect to dv1, dv2 is the following
(A B) =
(
A11 A12 B11 B12
A21 A22 B21 B22
)
,
Aij =
∫
γj
dvi, Bij =
∫
δj
dvi.
Then we have
(I2 τ) = C(A B), C = A−1.
We denote by S∗2 the Satake compactification of the moduli space S
∗
2 =
S2/Sp(2,Z) of 2-dimensional principally polarized abelian varieties. In
[2] we studied the behaviour of
λi − λj
λk − λ` when classes [τ ] in S
∗
2 tend to
various limits in S∗2. We give some supplements to studies concerned with
this problem. We also determine the generalized Jacobi variety and the
generalized Albanese variety for each limit curve.
First we consider the case (I) in [2], in which τ11, τ12 = τ21 are fixed and
Im τ22 →∞. In this case, the first possible case was that the limit curve is
w2 = (z − µ)5.
However, both dv1 and dv2 are meromorphic differentials with pole at z = µ,
hence so are du1 and du2. Then we have
Im τ11 = Im
(∫
δ1
du1
)
−→∞.
This contradicts to the assumption that τ11 is fixed. Therefore it does not
occur. The second possible case was that the limit curve is
w2 = (z − µ1)(z − µ2)(z − µ3)2(z − µ4),
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where µ1, µ2, µ3, µ4 are distinct in general, but at least µ1 and µ2 do not
equal (if µ1 = µ2, then Im τ11 →∞ as above). We assume that µ1, µ2, µ3, µ4
are distinct. Let C be the singular curve defined by the above equation,
and let pi : C˜ −→ C be its normalization. The limits of dv1 and dv2
respectively are holomorphic except the only simple pole p = (µ3, 0). We
use the same notation dv1, dv2 for their limits. Let pi−1(p) = {q, r}. We
take meromorphic differentials ω1, ω2 on C˜ corresponding to dv1, dv2. Let
{γ1, δ1} be a homology basis of C˜. We denote by γ2 and δ2 small circles
with positive direction around q and r respectively, which do not intersect
with γ1 and δ1. In the matrix
A =
( ∫
γ1
ω1
∫
γ2
ω1∫
γ1
ω2
∫
γ2
ω2
)
,
we have (
A11
A21
)
,
(
A12
A22
)
6=∞ in C˙2,
where C˙2 is the one point compactification of C2 (see [1]). Therefore, we
cannot consider the additional condition concerned with A. Furthermore,
we have Sp ∼= C∗, hence J(C) = J(C˜)⊕ C∗. We set(
η1
η2
)
:= A−1
(
ω1
ω2
)
.
Since ∫
γj
ηi = δij and
∫
δ2
ηi = −
∫
γ2
ηi,
we have( ∫
γ1
η1
∫
γ2
η1
∫
δ1
η1
∫
δ2
η1∫
γ1
η2
∫
γ2
η2
∫
δ1
η2
∫
δ2
η2
)
=
(
1 0
∫
δ1
η1 0
0 1
∫
δ1
η2 −1
)
.
Then we can take a period matrix P of Alban(C) as follows
P =
(
1 0
∫
δ1
η1
0 1
∫
δ1
η2
)
.
The complex structure of Alban(C) depends on
∫
δ1
η1 and
∫
δ1
η2.
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Next we consider a degeneration of compact Riemann surfaces with genus
2 fixed λ1 and λ2, which is studied in [5] by Lebowitz. Keeping τ11 and τ22
fixed, we let τ12 go to zero. He called it an admissible splitting degeneration
in [5]. In this case other branch points λ3, λ4 and λ5 tend to the same point
µ, and the limit curve is
C : w2 = (z − λ1)(z − λ2)(z − µ)3, µ 6= λ1, λ2.
The point µ is represented as
µ =
θ4
[
0
0
]
(0, τ11)
θ4
[
1
0
]
(0, τ11)
(Theorem 2 in [5]). Let pi : C˜ −→ C be the normalization of C. Then C˜ is
an elliptic curve defined by
w2 = (z − λ1)(z − λ2)(z − µ).
For the only singular point p of C, we have pi−1(p) = {q} and Sp ∼= C.
Then the generalized Jacobi variety of C is
J(C) = J(C˜)⊕ C,
where τ11 is the point in the upper half plane corresponding to J(C˜). More-
over, we see Im τ22 →∞ for the limits of dv1 and dv2 are as shown in the
first case. Then, an admissible splitting degeneration cannot occur when
we consider a degeneration of compact Riemann surfaces with genus 2 fix-
ing three points λ1, λ2 and∞ among the six branch points. Let {γ1, δ1} be
a homology basis of C˜, and let γ2 be a small circle with positive direction
around q. Then {γ1, δ1, γ2} is a basis of H1(C˜ \ {q},Z) ∼= H1(C \ {p},Z).
We take differentials ω1, ω2 on C˜ corresponding to a basis ofH0(C,ωC). We
may assume that ω1 is a holomorphic differential on C˜, ω2 is a meromorphic
differential with pole at q of order 2 and∫
γ1
ω1 = 1,
∫
γ1
ω2 = 0.
Then we have ∫
γ2
ω1 =
∫
γ2
ω2 = 0.
Quasi-abelian functions and varieties in the sense of Severi, III 31
Hence we can take a period matrix P of Alban(C) as follows
P =
(
1
∫
δ1
ω1
0
∫
δ1
ω2
)
.
We note that (1
∫
δ1
ω1) is a period matrix of J(C˜). If
∫
δ1
ω2 6= 0, then
Alban(C) ∼= C∗ × C∗.
Furthermore Lebowitz stated that the angles formed by λ3, λ4 and λ5
are almost constant (Theorem 3 in [5]). Showing
λ3 − λ5
λ3 − λ4 −→
θ4
[
0
0
]
(0, τ22)
θ4
[
1
0
]
(0, τ22)
(τ12 −→ 0),
he concluded it in [5]. However we see by the same argument as above that
Im τ22 →∞ as τ12 → 0 for ω2 has the pole at µ. In this case we have
θ
[
1
0
]
(0, τ22) −→ 0 and θ
[
0
0
]
(0, τ22) −→ 1.
Then the statement of Theorem 3 in [5] is not true.
We also correct errata in Remark in Section 7 of [2]. Formulae (7.30)
and (7.38) in [2] should be read as follows
λ3 − λ5
λ3 − λ4 −→∞ and
λ5 − λ4
λ5 − λ3 −→ 1
respectively. In addition, the following two limits are determined
λ5 − λ4
λ5 − λ1 −→ 0 and
λ5 − λ4
λ5 − λ2 −→ 0.
We understand through the above investigation the reason why limits of
λi − λj
λk − λ` depend only on τ11 but not on τ22 in this case.
It is similar that we cannot consider the additional condition on A when
[τ ] → 0 in S∗2 (The case (II) in [2]). We omit the detail because the
argument is the same.
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